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Abstract 

Let A be a unital simple AT-algebra of real rank zero. Given an isomorphism 71 : K\ (A) — > 
Ki(A), we show that there is an automorphism a : A — > A such that a*i = 71 which has 
the tracial Rokhlin property. Consequently, the crossed product A x a Z is a simple unital 
AH-algebra with real rank zero. We also show that automorphism with Rokhlin property can 
be constructed from minimal homeomorphisms on a connected compact metric space. 

1 Introduction 

Alan Connes introduced the Rokhlin property in ergodic theory to operator algebras (PI)- Several 
versions of the Rokhlin property for automorphisms on C*-algebras have been studied (for example 
[HI, E2, (HI, EH, EH, 112 and [231, to name a few). Given a unital C*-algebra A and an 
automorphism a on A, one may view the pair (A, a) as a non-commutative dynamical system. 
To study its dynamical structure, it is natural to introduce the notion of Rokhlin property. Let 
A be a unital simple ^IT-algcbra (a C*-algebra which is an inductive limit of those C*-algcbras 
that are finite direct sums of continuous functions on the circle T) and let a be an automorphism 
on A. In several cases, Kishimoto showed that if a is approximately inner (or homotopic to the 
identity) and has a Rokhlin type property, then the crossed product Ax a Z is again a unital 
simple AT of real rank zero [ISj)- It is proved that if a induces the identity on Ko(A) 

(or a "dense" subgroup of Kq(A)) and a has so-called tracial cyclic Rokhlin property then indeed 
the crossed product is an AH-algebra of real rank zero ((25] and |U). A natural question is 
when automorphisms have certain Rokhlin property In |29| . it is shown that if A is a unital 
separable simple C*-algebra with tracial rank zero and with a unique tracial state and if a is 
an automorphism such that A x Q Z has a unqiue trace, then a has the tracial Rokhlin property. 
More recently, N.C. Phillips pH] showed that, for any unital simple separable C* -algebra A with 
tracial rank zero, there is a dense G-6 set of approximately inner automorphisms such that every 
automorphism in the the set has the tracial Rokhlin property. 
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Let A be a unital simple AT-algebra of real rank zero. Suppose that 71 : K\{A) —* K\{A) 
is an automorphism. In this note, we present an automorphism a on A with the tracial cyclic 
Rokhlin property such that a*i = 71. The automorphism a that we present in this note also has 
the property that a* = id Ko ^)- When a has the tracial cyclic Rokhlin property, then a must 
fix a large subgroup of Kq(A). In fact, it is shown in [23 that, at least in the case that A has a 
unique tracial state, if a has tracial cyclic Rokhlin property, then a 2 fixes a subgroup G C K o(A) 
so that p(G) is dense in Aff(T(A)), where T(A) is the tracial state space of A, Aff(T(A)) is the 
space of all real affine continuous functions on T{A) and p : Kq{A) — > Af f(T(A)) is the positive 
homomorphism induced by the evaluation p([p])(t) = t(j>) for projections p G A. 

Let X be a connected compact metric space and px ■ Kq(C(X)) — > Z be the dimension 
map. Denote by kerpx the kernel of the dimension map. Given a such X and a countable dense 
subgroup DcQ, there is a standard way to construct a unital simple C*-algebra Ax with tracial 
rank zero such that Kq(Ax) = D ® hevpx and K\(Ax) — Ki(G(X)) as well as there is a unital 
embedding j : C(X) -> Ax so that (j*o)|kcr Px — idjkerpx ^md j*x — id^^)- This could be 
viewed as a version of the non-commutative space associated with X. Suppose that ip : X — > X 
is a minimal homcomorphism on X. We show that one can construct an automorphism a on Ax 
associated with ip such that a has the tracial cyclic Rokhlin property and such that a»o|n = idr>, 
ot.*o\kerpx = V , *o|kcrp x arL d a *i = This may be viewed as a non-commutative version of the 
minimal action associated with ip. We also show that somewhat general construction can also 
be made. It appears that automorphisms with the tracial cyclic Rokhlin property occur quite 
often. While we believe that many other types of construction of automorphisms with the Rokhlin 
property may be possible and perhaps not necessarily difficult, we think these construction in this 
note shed some light on how commutative Rokhlin tower lemma appears naturally in the study of 
non-commutative dynamical systems such as (A, a). 

Aknowledgement The first named author was partially supported by a NSF grant. The 
second author was partially supported by Open Research Center Project for Private Universi- 
ties:maching fund from MEXT, 2004-2008. Much of the ground work of this reseach was done 
when both authors were visiting East China Normal University in the summer 2004. They would 
like to acknowledge the support from Shanghai Priority Academic Disciplines and from Department 
of Mathematics of East China Normal University. 

2 Preliminaries 

The following conventions will be used in this paper. 

(1) Let A be a stably finite C*-algebra. Denote by T(A) the tracial state space of A. Denote 
by A//(T(A)) the normed space of all real affine continuous functions on T(A). 

(2) Denote by pa '■ K {A) — > A//(T(A)) the positive homomorphism induced by Pa(\p])(t) = 
t ® Tr{p) for any projection in Mfe(A) (k = 1, 2, ...,), where Tr is the standard trace on Mk- 

(3) Let X be a connected compact metric space. Denote by px ■ Kq(C(X)) — > Z the positive 
homomorphism pc(x) defined in (2). It is the dimension function from Kq(C(X)) to Z. 

(4) Let X be a compact metric space, let F be a subset of X and let e > 0. Put 

F £ = {x G X : dist(x,F) < e}. 
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(5) Let A be a C*-algebra and let p and q be projections in A. We say p is equivalent to q if 
there is a v € A such that v*v = p and vv* = q. 

(6) Let A = Um n _ (00 (j4 n , 0„) be an inductive limit of C*-algcbras. Here <j) n is a homomorphism 
from A n into A„_|_i. We will use 4> n ,oo '■ A n — > A for the homomorphism induced by the inductive 
limit system. We also use (j) n ,m for 4> m —i ° 4>m-2 ° ■ • ■ ° 4>n, if w > n.. Suppose that each A n = 
©i=i -Sn.i- When _B„.i are understood, a partial map <^n'^ of <f> n is the homomorphism from B n _i 
to S n+ ij given by <f> n . 

(7) Let A and B be two C*-algebras and let <j>, tp : A — ► B be two maps. Suppose that G C A 
is a subset. We write 

ip fn e 4> on 

if 

||0(a) - V(o)|| < e for all aeg. 

The following Rokhlin property was introduced in |28| . 

Definition 2.1. Let A be a unital C*-algebra and let a be an automorphism on A. We say that 
a has the tracial Rokhlin property if, for any e > 0, any finite subset T C A, any positive integer 
n > 0, and any a £ A + \ {0}, there are mutually orthogonal projections e\, e n such that 

(1) \\eiX — xei\\ < e for all x G JF, (0 < i < n — 1) 

(2) jja(ei) - e i+ i|| <e,i = l,2, ...,n - 1 and 

(3) 1 — X^ILo 1 e * ^ s equivalent to a projection in aAa. 

A stronger version of the Rokhlin property below was given in |25| . 

Definition 2.2. Let A be a unital C*-algcbra and let a be an automorphism on A. We say that 
a has the tracial cyclic Rokhlin property if, for any s > 0, any finite subset T C A, any positive 
integer n > 0, and any a G A + \ {0}, there are mutually orthogonal projections eo, ei, e2, e n _i 
(with e„ = eo) such that 

(1) ||eiX — cce^ || < e for all x e JT, (0 < i < n — 1) 

(2) ||a(ej) - e i+ i|| < e, i = 0, 1, - 1 and 

(3) 1 — XlLo 1 e * ^ s equivalent to a projection in aAa. 

Remark 2.3. Note that, in Definition 12.21 one requires that ||a(e„_i) — eo|| < e. This is not 
required in Dcfinition l2.il If A is assumed to satisfy the so-called fundamental comparison property, 
i.e., r(p) > r(g) for all r 6 T(A) implies that a is equivalent to a projection e < p for any pair of 
projections, then condition (3) above can be replaced by r(l — X)"=To e *) < e ^ or au r e ^(^) an< i 
the reference to the element a can be removed. We note that if A has tracial rank zero then A has 
the fundamental comparison property. 

If A has tracial rank zero, then A has real rank zero, stable rank one, and pa{Kq(A)) is dense 
in Af f(T(A)). One of the important consequences that a given automorphism satisfies the tracial 
cyclic Rokhlin property is the following result: 

Theorem 2.4. (see 3.4 and 4.5 of |2H) 

If A is a unital separable amenable simple C* -algebra with tracial rank zero satisfying the UCT 
and a is an automorphism on A with the tracial (cyclic) Rokhlin property such that (a)*o = idG 
for some subgroup G C Kq(A) for which Pa(G) is dense in pa(Kq(A)), then A x a Z has tracial 
rank zero. 

Consequently, A~A a 7L is an AH-algebra. 
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3 Automorphisms on simple AT-algebras 



The purpose of this section is to present Theorem 13. 51 

We start with the following construction which is certainly familiar to experts. 

Lemma 3.1. Let A be a unital simple infinite dimensional AF-algebra. Then, there exists a 
sequence of finite dimensional C* -subalgebras F n = Mk( n ) © B n and monomorphisms 4> n : F n — » 
F n+ \ satisfying the following: 

(1) Let d n be the identity of M^ n y Then 

lim sup {r(^„ j00 (d„))} = 0; 

n ^°° rdT(A) 

(2) The partial map from M^Ui) ^o Mu n +i) has multiplicity at least 2. 

(3) A = lim n ^ tX) (F n , (j> n ). 

Proof. We first write A = \im n ^ oc (A n , ip n ) , where each A n is a finite dimensional C*-algebra and 
ip n is a monomorphism. 

Write Ax = M n m ffi B[. Since A is assumed to be simple, we may also assume that the partial 
map ip^ 1 from M n m to a simple summand M n n) of A 2 has multiplicity m(l) which is at least 
4. Define P\ = M n(1) ffi M n(1) © • ■ ■ © Af„ (1) © B[, where Af„ (1) repeats [m(l)/2] (integer part of 
m(l)/2) times. Denote B x = M„ (1 ) © • ■ • © M n( i) ®B[, where M„ (1) repeats [m(l)/2] - 1 times. So 
fi = Af n (!) © J5i. Note there are monomorphism f\ : A\ — > i*i and monomorphism tp[ : _Fi — > /1 2 
such that ipi = if)[o fi and the multiplicity of the partial map of ip[ from M n m to Af n ( 2 ) is at least 
2. Let di be the identity of M n (i) in F±. Note that 

r(^,oooVi(di)) < 1/2 

for all r e T(A). 

We have A 2 = M n ( 2 ) © S 2 , where -B 2 is a finite dimensional C*-algebra. 

We may also assume (by replacing A3 by some A n ) that the partial map of ip 2 from M n ( 2 ) to a 
simple summand M n ^ of A 3 has multiplicity m(2) which is at least least 8. Define F 2 = M n (2) © 
M n(2 ) © • • • M n(2) ®B' 2l where M„ (2 ) repeats [m(2)/2] times. Define B 2 = M n(2) © • • • ©M„ (2) ffiB^, 
where M n ( 2 ) repeats [m(2)/2] — 1 times. So F 2 = M n ( 2 ) © B 2 . There exists a monomorphism 
f 2 : A 2 — ► F2 and there exists a monomorphism ?/' 2 : -F 2 — * ^3 such that 

i'2 = ip 2 /a- 

Moreover, the multiplicity of the partial map of ip 2 from M„( 2 ) to M n (3) is at least 2. 

Define 4>\ : F\ — > F 2 by <pi = f 2 o Tp[. Let d 2 be the identity of the first summand M n ( 2 ) in F 2 . 
Then 

t(^3,oo < 1/4 

for all t ET{A). 

Write A3 = M n r^\ © B' 3 , where B' 3 is a finite dimensional C*-subalgebra. We may assume 
that the partial map of 3 from M„( 3 ) to a simple summand M n ^ of has multiplicity to(3) at 
least 16. Define F3 = M„( 3 ) © M„( 3 ) ffi • • • © M„( 3 ) ffi S 3 , where M„( 3 ) repeats [m(3)/2] times and 
B 3 = M„( 3 ) ffi • • ■ © M n(3 ) ffi S 3 , where M„ (3) repeats [m(3)/2] - 1 times. So F 3 = M„ (3) ffi B 3 . 

There are monomorphisms / 3 : A3 — > F 3 and V 3 : -F3 — > ^4 such that 1(13 = V3 o / 3 . Moreover, 
the partial map of ip3 from Af„( 3 ) (the first summand) to M n ( 4 ) has multiplicity at least 2. Define 
4>2 ■ F. 2 — * -F3 by </> 2 = /3 o ?/; 2 . Let d 3 be the identity of of the first summand M n ( 3 ) in F3. Then 

T(04,oo O0 3 (d3)) < 1/8. 
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We continue this construction. We obtain Fk = M n nA © where is a finite dimensional 
C*-subalgebra, and we obtain monomorphisms fk : Ak — » i 7 ^, ^ : F k — > Afc+i and </>fc : -F^ — > -Ffc+i 
such that 

i'k=ip'k°fk and 4> k = f k+ i o ijj' k (e3.1) 
and such that the partial map of from M n ^) to M„(fc + i) has multiplicity at least 2. Moreover, 

T(V>fc+i,oo°^(4))<l/2 fc (e3.2) 

for all t G T(A), where c4 is the identity of M n ( k ^ in i^. 
By ETTI . A = nm n ^ 00 (F fe ,^ fe ). By (EHHL 

r(0 fc ,oo(4)) < l/2 fc . 

The lemma follows. 

□ 

Lemma 3.2. Lei X = 5 1 V5 1 V ■ ■ ■ VS 1 &e identified with m copies of unit circle with a common 
point 1. For any integer n and finite subset T C C(X), there exists an integer N = A(n,J-) 
satisfying the following: 

For any unital C* -algebra B with real rank zero and any homomorphisms 0i,02 : C(X) — » B 
with (0i)*i = (</>2)*i, there is a unitary u G M to jv+i(S) such that 

u*(dmg(Mf)J(ti)J(&),-J(UN))u^ 1/2n 

diagfo(f),f fa), f (&),..., KUn)), 

wftere eac/i o/ £ 2 , £n}, {£n+i, &V+2, —, &n}, ■ {£( m -i)N+u £(m-l)JV+2> £miv}, diwdes 
ifte itmt circles evenly. 

Proof. This follows from Theorem 1.1 in [7] and its remark. 

□ 

Definition 3.3. Let X = S 1 V 5" 1 V • ■ • V S 1 and Y = S 1 V S 1 V ■ • • V S 1 be identified with m and 
r copies of unit circle with a common point 1, respectively. Let iri : Y —> S 1 (the ith copy of Y) 
be defined as follows: 

7T»((Ci, 62, ...,&,...,&)) =&• 

A continuous map s : X — > Y is said be standard if 71^ o s on each S 1 is described as z — > z fc for 
some integer A:, where 2; is the identity map on the unit circle. Note that if k = 0, z — > z° is the 
map to the common point 1. 

Suppose that k : 17 — > Z m is the homomorphism associated with a m x r matrix (cj -•) with 
integer entries. Then we say that s : X — > Y" is the standard map associated with k if 7Tj o s on the 
z-th copy of S 1 can be described by z — > z Ci J . 

Note that, for a standard map s : X — > Y, s maps the common point 1 of X to the common 
point 1 of Y. 

It should be also noted that if Z = S 1 V 5" 1 V • • • V S 1 is identified with k copies of the unit 
circle with a common point 1 and s' : Y — > Z is a standard map, then s' o s is a standard map 
from X to Z. 
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Lemma 3.4. Let A be a unital simple AT-algebra with real rank zero. Suppose that Ki(A) = 
lim n ^ 00 (G Il , k„) ^ {0}, where G n is direct sum 0/7(71) copies of 1 and n n : G n — > G n +i is an 
homomorphism. Then 

A = lim (A n ,(j) n ) 

n — >oo 

such that 

(1) A n = C(X n ) eg) ikffe( n j © -B ra , where B n is a finite dimensional C* -subalgebras, 

(2) Jf„ = S 1 V 5 1 V • • • V if? , where S 1 repeats 7(71) times, 
(3) 

lim sup {r(0„ !OO (d„))} = 0, 

,l ~* 00 reT(A) 

where d n is the identity of C(X n ) ® My n \, 

(4) eac/i </>„ zs injective. 

Moreover, if {X n } is fixed and a sequence of positive integers {«„} is given, we may require 
that 

(5) the partial map of 4>n from C(X n ) M^/ n \ to C(X n+ i) (g Mfc(„-|_i) /ias the form 

Mf) = diag(/ o Sn , /(C(n, 1)), /(C(n, 2)), /(C(n, f (n)))), 

where s n is a standard map associated with n n and {C(n, 1), Ci n i 2), C( n : ^( n ))} contains a subset 
that divides the j-th circle into b(n,j) even arcs with b(n,j) > a n ; 

(6) each partial map <fin^ of <fi n from C(X n ) ® Mj-ua to a summand of _B Tl +i has the form 

where 1), kj)} is kj points on the j-th circle of X n . 

Proof. Note that A is an infinite dimensional simple C* -algebra. Let B be a unital simple separable 
AF-algebra such that 

(K (B),K (B) +7 [l fl ]) = (Kq(A), Ko(A)+, IU}). 

By Lcmma l3.ll we may assume that B = lmi n ^ oc (M k ^ ®B n , 4> n ), where B n is a finite dimensional 
C*-algebra and (1) and (2) in Lemma |3 . 1 1 hold . By passing to a subsequence, one may assume 
that the partial map of </>„ from Mu n ) to Afj.(„ +1 j has multiplicity at least m(n) > 7(n)a rl — 1. 

Put X n = S 1 V S 1 V • • • V S 1 , where S 1 repeats 7(11) times. Define A n = C(X n ) © M fc(n) © B n . 
So Ki{A n ) = G n = Z 7 '"', n = 1,2, .... Define s„ : X„ — > X n+ i to be the standard map associated 
with K n as defined in Definition 13.31 Define ipn 1 ' ^ from C(X n ) © My n ^ to C(X„_|_i) <© M fc ( n+1 ) as 
follows: 

- diag(/ o Sn> /(C(n, 1)), /(C(n, 2)), /(C(n, f(n)))) 

where t(n) = m(n) — 1 and {£(n, 1), C( w ; 2), £(n, t(ri))} contains a subset that divides the j-th 
circle into b(n,j) even arcs with b(n,j) > a„ for each j. 

By identifying M k{n+1) with C©M fe(n+1) , we also assume that ip n lfi) (1c(x„)®m m „, ) = (ljWf M „j ), 

where </>l 1 ' '' is the partial map of <fi n from Mw„) to Mfc(„_|_i). Let m(n, be the multiplic- 
ity of the partial map of (f> n from M^ua to the i-th summand of B n+ \. We may assume that 
m(n, 1, i) > j(n)n. We then define 

v>i M) cf) = ^^(/) = ©S n 1 ) dia g (/(^(i,i)) jm^-jm^m 



6 



where {£(j, 1), £(j, kj)} is a set of kj points on the j-th circle of X n , from C(X n ) ® My n \ 
into the i-th summand of B n . We choose kj so that Y^]=i kj = m ( n , 1, ■ Moreover, we choose 
{£(j, 1), kj)} so that it is 2ir/n dense in (the j-th ) S 1 . We may also assume that ip„ (lc(x„)®M fc ( n ) ) = 

Now define tp n : A n — > A n+ i as follows: Define the partial map of ip n from C(X n ) g) M^n) 

to C(X„ + i) (g> Mfe(„_|_i) to be Define the partial map of ip n from C(X„) ® Mk( n ) to the 

i-th summand of .B n +i to be ipn ■ Define ip n \B n = 0n|s„- Note, here, we identify M fc ( n+1 ) with 
C ® M fc(n+1) c C(X n+ i) M fe( „ +1) . 

It is standard and easy to verify that C = lim„^ 00 (A„, is a unital simple C*-algebra with 
tracial rank zero (for example, 3.7.8 and 3.7.9 of 

Note that 

(K (A n ), K {A n )+, [lij) = (K (M k(n) © B„), K (M k{n} © B n )+, [lAr k(n)ffl B n ]). 
Moreover (ip n )*o = (<f> n )*o- One also have 

i^ 1 (A n ) = G^") 

and {ipn)*! = K n . It follows that 

(#o(C),ir (G) +1 [lc],ifi(C)) = (^o(A),^o(^)+,[U],ifi(^)). 

Since C has tracial rank zero and is an AH-algebra (so it satisfies the UCT), by [2], C = A. The 
lemma follows from the construction. □ 

Theorem 3.5. Let A be a unital simple AT-algebra with real rank zero and h : K\{A) — > Ki(A) be 
an isomorphism. Then there exists an automorphism a : A — > A which satisfies the tracial cyclic 
Rokhlin property such that a*i — h and a*o = id/f ( J 4)- 

Proof. If K\(A) = {0}, it suffices to show that there exists an automorphism on A which has the 
Rokhlin property. But that follows from Therefore, for the rest of the proof, we may assume 
that Ki{A) ± {0}. 

Since K\(A) is tosion free, we may write that K\{A) = lim rl _ >00 (G n , K n ), where each G n is a 
direct sum of finitely many copies of Z and K n are injective. 

Let h : Ki(A) — > Ki(A) be the given isomorphism and let ft, -1 be the inverse. We may assume, 
by passing to a subsequence if necessary, that there are homomorphisms h ni h n : G n — > G n +i such 
that 

h ^n,oo — ^n+l,oo ° h n and h O K noc — K n +l,oo ° h n 

on G n . By passing to a subsequence if necessary, we may assume that, 

h n +i ° K n = n n+1 o h ni h n +i o h n = K n+ i o K n and h n +i ° h n = K n +i ° K n . (e3.3) 

Suppose that G n is c(n) copies of Z. Homomorphisms h n , h^ 1 and K n can be represented by 
matrices (a-™^), (b^) and (c^) where a-™\ 6-™^ and c^", are integers. 
Let J(n) = mai{|ajj| + |fe| + |c^,| : i,j,i',j',i",f}. 

We identify X n with 7„ copies of the unit circle with a common point at 1. Denote u{n, i) € 
C(X n ) the function on X n which is the identity map on the ith circle and 1 everywhere else. 
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Define 

7(n+l) 

/3 n (u(n,i))= Y[ z(n + l,j,i), 
i=i 

where z(n + = u(n + l,j) a *<i , if af 1 ^ 7^ 0, and z(n + = u(n,i)(l) if a,|"' ) = 0, 

i = 1,2, ...,j(n). 

Note (3 n gives a homomorphism from C(X n ) — > C(X n+ i) such that = h n . 

Define 

7("+l) 

(3 n (u(n,i))= Y[ z '(n + l,j,i), 
i=i 

where z'(n + = u(n + lj) b ™, if ^™ ) ^ 0, and z'(n + = u(n,i)(l) if b$ = 0, 

i = 1,2, ...,7(n). 

We now write A = lim„^ 00 ( J 4„, <^„), where A„ = C{X n ) (g) My n ^ © 73„ which satisfying (l)-(6) 
in Lemma |3.4I with a n = J(n)n We will also use (3 n : A n — > A„ + i for the homomorphism defined 

by (/3n)|c(x„) ( »M fc( „ ) = Pn ® &M Hn) and (j9n)|s„ = <t>n{B n - 

Let J-"„ C J- n +i be a sequence of finite subsets of A such that the union of those finite subsets 
is dense in A. Without loss of generality, we may assume that T n C 4> n ,oo{Qn), where Q n is a finite 
subset of An . 

It follows from |31| that there is an approximately inner automorphism a G Ant (A) which has 
the tracial Rokhlin property. It follows from that a has tracial cyclic Rokhlin property. 

Since a is approximately inner, by passing to a subsequence if necessary, by Lemma 13.41 we 
may assume that, there is a unitary v n £ A n+ \ such that 

c ° 0n,oo(/) «i/2"+ 2 ad0„ + i iOO (w„) a </>„ >00 (/) and (e3.4) 

O'~ 1 <?!'n,oo(/) ~l/2»+2 ad0 n +l,oo(«n) ° 4>n,oo{f) on C/„. (e3.5) 
Define cr„ : A n+i -> A„ +i by cr n (/) = adu„(/) and 5„ : A„ + i -> A n+1 by £„(/) = adt>*(/) for 

/eA>. 

Since a„ = J(n)n, by passing to a subsequence if necessary, we may assume that <pn : 
C(X n ) <g> Mfc( n ) — > C(X„ + i) ® M fc ( ra+1 j has the following form: 

^(Z) = diag(/ o s n , /(C(n, 1)), /(C(n, 2), /(C(n, i(n))), 

where s„ is a standard map (see Definition 13.3(1 and 1)), C( n > 2), C( n : ^( n )} contains sub- 

sets {£i> —)£#}) {&V+1, —6jv}r"){C(7(n)-i)W+i) £ 7 (n)iv} such that {£(j-i)jv+i> •••> &iv} evenly 
divide the j-th copy of S 1 and TV = A(ra, Q n ). 

Define a monomorphism uj n : C(X„) Mj,( n ) — > A n+ 2 as follows: Define 

4 1 ' 1) (/) = /3. l+ i(.gi) + ^+i(32), 

where #i = tr„ (diag(/ o s n , ••• 0)) and g 2 = tj„(0, f(((n, 1)), /(C(n, 2)), f(((n, t(n))). Define 

wl 1 '*' = 4>n+i°4>n\c(x n )®M k{7l y Let 75 n+2 = </>„,, l+2 (d n ) , where d„ is the identity of C(X n )®M k ( n y 
Denote by 

t(n) 

E' n+l = diag(l,07^~0) 6 C(X n+1 ) © M k[n+1) . 
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Define a monomorphism uo n : C{X n ) ® My n ) — > E n +2A n +2E n +% as follows: 
Define 

4 la) (/)=/9n+l(.9i) + 0n+l(92), 

where g[ = <J n (diag(/ o s n , • • • 0)) and <? 2 = * n (0, /(C(n, 1)), /(C(n, 2), /(C(n, t(n))). Define 
-,(i,0 _ j,(i,0 ^ i 

w « — Pn+1 ° 9n\C(X n )®M hM ■ 

For any unitary u € A 4 „ +3 , define $ : C(Xl„ + i) ® M fe ( 4n+ i) — > A 4li+5 by 

$(/) = /3 4n+ 4 ° f> 4n+3 o 4 „ +3 oadlio /84n+2(ffl). 

Since 

(/3 4ra +4 o <5 4n+ 3 o 4n+ 3 o adu o /3 4n+ 2 o 4n+ i)*i = (0 4n +i, 4 „+5)*l, 
( < 1>)*1 = (0 4 „+2, 4n +5 ° ^ 4 „+104n+l-E 4 „+l)*l- 

By choice of A(n, Gn), by (|e 3.3|> and by applying Lemma 13.21 we obtain unitaries Uk € E^A^E^ 
such that (with ui = di) 

adu 4(n+1)+1 od) 4n+3 oadu 4n+3 ou 4 „ +1 (/) «i/2- 04n+i,4(«+i)+i (/) on d 4n +i!?4n+i (e3.6) 

as well as 

adu 4 ( n+1 ) +3 o w 4 (, 1+1)+3 o adu 4n+3 o w 4n+3 (/) « 1 / 2 „ (/) 4 „ + 3 4( „ +1 ) +3 (/) on d in+3 G in+3 (e3.7) 
{n = 0,1,2,...) 

Define w 4n+1 = adu 4n+3 o w 4n+ i and w' 4n+3 = adw 4 „ +5 o a> 4 „ +3 . 
Now define a n ■ A± n +i — ► ^4«+3 by 

( a n)|c(X 4 „+i)<»M fc( 4„ + i) = w 4n+l and (an)|s 4 „ + i = (<?W+2 ° CT4n+l ° 04n+l)|_B 4re +i 

and define a n : A in+3 — > A 4rl+5 by 

("n)|c(X4„ + 3 )(»Af fc(4 „ + 3 ) = w' 4 „+3 and (a„)|_B 4 „+3 = (<^4n+4 ° <W+3 ° <^4n+3) I B 4n+3 

From 1c 3.41) and He 3. 51. we have that 



a„+i oa„(/) «i/ 2 ™ + i 04n+l,4(n+l) + l(/) On / G (1 - cLln+l)04n+l (e3. 



°a n {f) «i/ 2 '.+i ^4n+3,4(n+l)+3(/) on / S (1 - d 4n+ i)£ 4 , l+ i (e3.9) 

It follows from l|e 3.6|) . I|c 3.7|l . (|c 3.8|l and l|e 3.9|) . one has the following approximately inter- 
twining: 

A 1 H A 5 H A 9 *3 A 17 ... 



A 3 — > A 7 — -> An 



It follows from the Elliott approximately intertwining argument that {a n } and {a n } define two 
automorphisms a and a -1 . 
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Moreover, one checks that 

a'*o = idif (A) and a*i = h. 
It remains to show that a has tracial cyclic Rokhlin property. 

Fix e > 0, m > and a finite subset T C A. Since cr has tracial cyclic Rokhlin property, there 
are mutually orthogonal projections ei, e-i, e m such that (with e m +i = ei) 

|| e^a — ae,|| < e/8, i = l,2,...,m,a£f (e3.10) 



\\a{ ei ) - e i+1 \\ < e/8, i=l,2,...,m (e3.11) 

and 

m 

r(l-^ ei )<e/8 (e3.12) 

for all r G T(A). 

Since cr is approximately inner, there is a unitary v € A such that 

\\v*e l v - e i+ i || < e/8, i = 1, 2, m. 

Without loss of generality, we may assume that there is a finite subset Q C A^n+i such that 
J 7 C 04n+i,oo(S) for some sufficiently large n. 

It follows from the standard argument (See (341 Proposition L.2.2] for example.) that for any 
5 > 0, (for sufficiently large n) there are projections qi G A/± n +\ such that 

He* - 04n+i,oofe)|| < min{<5,£/8}, i = 1, 2, m. (e3.13) 

Since 0n iO o is assumed to be injective, with sufficiently small 5, from (191 Lemma 2.5.6] we may 
assume that c/i, c/2, Qm are mutually orthogonal. Let qi = 4>i n +i.oa(qi)- We may also assume that 
there is a unitary v' G At„+i such that c64 n+ i :00 (i/) = v. 

With even larger n, we may assume that, without loss of generality, 

a~ l (F), a~' l (qi) G cA 4 «+i,oo(^4n+i), £ = 1, 2, m. (e3.14) 

Note that (1 — din+i) commutes with every element in Ai n+ i. Put pi = c/ia l_1 (04 n +i ;OO (l — 
din+i)), i = 1, 2, m. Since, by (|e3.14|l . 

a*" 1 O c/)4n+l,oo(l - rf4n+l)ft = a'" 1 (04«+l,oo (1 - cLte+i (ft)) 

= a i_1 (a" l+1 (c/ i )c/)4r l +i,o (l - c? 4n+ i)) = q l a l ~ 1 o (f> in+lt00 (l - d 4 „ + i), 

{pi,P2, --^Pm} are mutually orthogonal projections. 
By flc3.14|) . if a G J 17 , 

Pia = fta l_1 (c/)4 n +i : oo(l - d4n+i)a _i+1 (a)) = ftaa l_1 (c/)4„ + i,oo(l - cfte+i))- 

Therefore, by l(e 3.13(1 and l(e 3.10(1 . we have 

(1) \\pia-api\\ = ||ftaa l_1 ((<?!>4„ + i )00 (l-d4n+i)))-a.pi|| < e/8 + e/8 + e/8 < e, z = 1,2, ...,m. 
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Since 

a(pi) = a(gja l_1 (^4 n +i,oo(l - d in+1 ))) = a(ft)a l (0 4 n+i,oo(l - <4 n+ i))), 

by and g3JJ , 

(2) ||a(pj) — Pi+i ! = HMft) - <7i+i)a l (<?W+i,oo(l - d4n+i))|| < £, £= 1,2, ...,m. 
Note, since 

lim sup{r(^„. 00 (d„)) : t e T(A)} = 0, 

n — >oo 

we may assume that 

7"(04n+l,oo(rf4n+l)) < S j Am 

for all r e T(A). 

Therefore, using the fact that 
a*o = idif (A), 

r(Pi) = r(g i a 4_1 (04n+i,oo(l - cLin+i))) > t(<&)(1 - e/4m), i = 1,2, ...,m 
Note also, by (|c 3.13|) and with <5 < 1, 

r(qi) = T(et), i = 1,2, ...,m. 

Applying He 3.12f >. we also have 
(3) 

m m 
i=l i=l 



>-<i-5;>I» 



t=i t=i 
< o +7 T ( e i) < o + 7 < £ 



for all t e T(A). 



□ 



Corollary 3.6. Let A be a unital simple AT-algebra with real rank zero and let h : K\(A) — ► _fTi(j4) 
6e an isomorphism. Suppose that a is the automorphism given by Theorem \S.fA Then the crossed 
product A xi Q Z has tracial rank zero and can be written as an AH-algebra. 

Proof. Since a*o = ^k (A) an d has the tracial cyclic Rokhlin property, by |24j A x Q Z has tracial 
rank zero. It follows from the classification theorem that A x Q Z is in fact simple AH- 
algebra. □ 
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4 Minimal dynamical systems and non- commutative dynam- 
ical systems 

It seems that a more general construction based on Theorem l3.5l can be made so that Theorem l3.5l 
can covers all simple AH-algebras with real rank zero and stable rank one. However, in this section, 
we present a different type of construction. If one believes that automorphisms on C*-algcbras 
with Rokhlin property is closely related to minimal homeomorphisms on compact metric spaces, 
then the construction that we presented here sheds some light on these relation. Given a connected 
finite CW complex X, there is a standard way to construct a unital simple C*-algebra with similar 
topological information: 

Proposition 4.1. Let X be a connected finite CW-complex space and let D be a dimension group 
which is a countable dense subgroup of Q. Let px ■ Kq(C(X)) — > Z be the dimension map. Then 
there exists a unital separable AH -algebra Ax with tracial rank zero and with a unique tracial state 
t such that 

(I< (Ax),K {A x ) + ) =D® kerpx, kerp Ax = kerpx and K^Ax) = A'i(CpO). 
Moreover, there is a unital embedding j : C(X) — > Ax such that 

j*o|korp x = idkcrpx an( l j*l = id K± (C(X)) ■ 

(See j20) for the construction). 

Suppose that there is a minimal homeomorphism ib : X — *■ X. One can then construct an 
automorphsim a on Ax associated with if>. 

Theorem 4.2. Let X be a connected finite CW-complex space, and let ip: X — > X be a minimal 
homeomorphism. Denote by ijfi : C(X) — * C(X) the automorphism defined by tp\f) = f o ip. Then 
there is an automorphism a : Ax — > Ax which satisfies the tracial cyclic Rokhlin property such 
that 

a*o|kcr Px = (^ t ')*o|korp x and a„i = (V>')*i- 
Theorem 14.21 is a corollary of a more general Theorem 14. 1UI below. 

Lemma 4.3. Let X be a compact connected metric space and let ip : X — > X be a minimal 
homeomorphism with a ^-invariant Borel probability measure p. Let S be an infinite subset of 
positive integers. Then, for any e > 0, there is an integer n G S and there is a finite e-dense set 
{x\, X21 x n } C X such that for any closed subset F C X, 

Hl(F)<p 2 (F s ) and p 2 (F) < p 1 {F e ), (e4.15) 

where p\ is the measure concentrated on \x\,Xi, ...,x n } with pi({xj}) — ^ and p 2 is the measure 
concentrated on {^(rci), ip(x2 ),■■■, ip(x n )} with /^({^(^i)}) = „■ 

Proof. First we note that any open neighborhood 0(x) of any x £ X must have positive p measure. 
Otherwise, assume that p(0(x)) = 0. Put 

= U ne ^ n {0(x)). 
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Then O is open and ip{0) = O. It follows that F = X \ O is invariant under ip. The minimality of 
■0 implies that F = 0. This implies that O = X. But fi(0) = 0. A contradiction. 

Fix 5 > 0. Since X is compact, by what we have just proved, it is easy to find finitely many 
disjoint Borcl subsets G\, G2, G m such that n(Gi) > and diam(Gi) < S for i = 1, 2, m, and 

U™iG 1 = X 

Let a = min{yu(G.;) : 1 < i < to}. Choose n £ S so that 

1 a 
n < 2m m+1 ' 

There is an integer < fci < 71 such that 

— < K G i) < — —,i = M, ■■■i m - 

n n 

By minimality of "0, no single point has positive /x-measure. Thus each Gi contains infinitely many 
points. Choose ki points in G tl i = 1,2,..., m — 1. Then 



ki > n — m . 



i=l 



Choose k' rn = k m + (n — YliLi fo) points in G m . Note that 



^-KGm)<-- (c4.16) 
n n 



We obtain n points Xi, X2, x n in X. Now define fis,i to be the measure concentrated on 
{x\, X2, a;„} with //^({a:.,}) = i and define fis,2 to be the measure concentrated on {ip(xi), tp(x2), ip(x n )} 
with 2({ip(xj)} = -■ It is clear that when S — > 0, to — > 00. Fix £(e, j) £ Gj. Note that for each 
/ G C(X), 



3=1 

as (5 — > 0. It follows that 



£/(£toj)HGj)- / 



/d/^.i -» / fd/i 
x Jx 



for all / e C(X) as <5 — > 0. We also have 

/M<5,2 = f ipdfj, s ,i ->• / / = / /^A* 

A" J.Y JX 

for all / g G(X). 

Now let er > and y\, 2/2, be a subset of X such that 

ujLiO( W ,e/4)=X. 

Let be the finite collection of all possible union of 0(yj, e/4). Let C be the finite collection of 
all possible union of 0(yj,e/2). If G C O we denote by G' the corresponding union of 0(yj, e/2)'s. 
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Let 

b = min{/i(G") - fj,(G) : G C O and G ^ X}. 

The connectedness of X together the first paragraph of this proof imply that b > 0. 
Choose 5 sufficiently small so that, for all G C O 

mAG) -\< KG)) < ii & AG) + \ 

and, for any G' G O', 

VsAG') -\< KG') < UsAG') + \ 

i = l,2. Thus, ifG^ X, 

VsAG) + \< KG) + \< KG') -\< MAG'), * = 1, 2. 

Now let F be a closed subset of X. If F £ = X, then I|e4.15|) follows. Now suppose that F £ ^ X. 
Let 

G = U FnO(yji£/4 ) # 0O(y J ,e/4) c O 

Then G ^ X. It follows that 

W,i(f) < < ^, 2 (G) + | < w, 2 (G') < Hs,2(F e ). 

Similarly 

VSA F ) < VtA F e)- 



□ 

Lemma 4.4. Let X be a compact connected metric space (with infinitely many points) and let 
ip : X — y X be a minimal homeomorphism. Let S be an infinite subset of N. Then, for any e > 0, 
there is n G S and there is a finite e-dense set {xi, x%, x n \ C X such that there is a permutation 
s : (1, 2, ti) — y (1, 2, n) suc/i £/iai 

dist(xj, ip(x s{j} )) < £,j = 1,2, ...,n. 

Proof. Let /i be a -0-invariant Borel probability measure. Let {x\, X2, x n } be a finite subset 
satisfying the conclusion of Lemma 14.31 

For any subset Si oil elements in {xi, X2, x„}, choose a closed subset Fn{x±, X2, x n } = Si 
and 

F C {x e X : dist(x, {xi,X2, — ,x n }) < e/4}. 

Then 

Mi(^) < tMi(F e/4 ). 

Thus contains at least I elements in {tp(xi), ip{x2), ...,ip(x n )}. Therefore there is a subset 5*2 
of / elements in {"0(xi), ip(x2), ...,ip(x n )} such that, for any element £ G Si there is £' G 5*2 such 
that 

dist (£,£') < e. 

By the "Marriage Lemma" (see §)'.), there is a permutation s which meets the requirement. 

□ 
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Lemma 4.5. Let X be a compact connected metric space (with infinitely many points) with a 
metric d, and ip : X — > X be a minimal homeomorphism. For any e > and a finite set T C C(X) 
there exists S > such that if {xi}™ =1 are points in X which satisfy the property that there is a 
permutation s: (1, 2, . . . , n) — ► (1, 2, . . . , n) such that 

dist(xj,ip(x s (j))) < S, 

then there is a permutation n x n matirx U such that 

||diag(/(xx), . . . , f(x n )) - t/diag(/(^(xx)), . . . , f(i>(x n ))U* || < e, V/ e T. 

Proof. Let e > and T C C(X) be a finite set. Then there exists S > such that if d{x,x') < 5 
then |/(x) — f(x')\ < e for any / 6 JF. 

Let {x±, X21 ■ ■ ■ , x n } be points in X satisfy that there is a permutation s: (1, 2, . . . , n) — > 
(1, 2, ... , n) such that 

dist(a;j,V>(:£ s y))) < 
Take a permutation matrix [/ correspondent to s, then 

||diag(/(.T 1 ), . . . , f(x n )) - trdiag(/(^(xi)), . . . , /(^(x„))C/*|| 
= ||diag(/(xi), . . . , f{x n )) - diag(/(^(x s (i))), . . . , f(tp(x si „)))\\ 
< e 

□ 

Lemma 4.6. Lei X be a compact connected metric space with a minimal homeomorphism ip : 
X — > X. Let {/«.} &e dense sequence in C(X), let {e n } be a sequence of positive numbers and 
let {k(n)} be a sequence of positive integers. Then there exists a sequence of positive numbers 
{S n } which has the following property: 7/{x(l,n), x(l(n), n)} are points in X which satisfy the 
following property: there is a permutation s n : (1,2,..., l(n)) — > (1,2,..., l{n)) such that 

dist(x(j, n),ip(x(s n (J),n))) < S n 

then there is a sequence of permutation l(n) x l(n) matrices U n such that 

W; i dmg(f(x(l,n))J(x(2,n)),...J(x(l(n),n)))W n 

« e „ diag(/(V(x(l, n))), /(V(x(2, n))), f(ip(x(l(n), n)))) 

for all f e {(oij) e C(X) ® M k{n) : a itj £ {/i, / 2 , /„} U C}, where W„ = l fe(n) (g> U n is a matrix 
in M fc („);(„). 

Proof. This follows from Lemma 14. 51 immdiatelv. □ 

We shall construct a model automorphism with tracial Rokhlin property on some AH algebras 
which contains the class of AT™-algebras and AT-algebras. 

Let X be a compact metric space with infinitely many points. Let (X, ip) be a minimal dynam- 
ical system. If (X, ip) is uniquely ergodic, then (X, ip) has mean dimension zero. If X has finite 
covering dimension, then (X,ip) always has mean dimension zero (|2fi|L 
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Lemma 4.7. Let X be a compact metric space and let ip : X — > X be a minimal homeomorphism. 
Suppose that (X,ip) has mean dimension zero. Then, for any integer N > 1, any r\ > and any 
8 > 0, £/iere are mutually disjoint open subsets Gi,G2, ...,Gl swc/i £/ia£ 
(1) diam(G 4 ) < ry, i = 1,2, 

(SJ V l (uf =1 G s ) n ^'(U^iG,)) = 0, i/i ^ j and i, j = 0, 1, 2, N - 1, 
f3j /i(U^V J '(uf =1 Gi)) > 1 - 5 /or all p, G T and 

(4) fi(d[Gi)) = /or i = 1, 2, . . . , L and all \i G T^,, where is the set of all ^-invariant Borel 
probability measures 

This basically follows from Lemma 3.4 and Lemma 3.5 of |23j . 

Lemma 4.8. Let X be a compact metric space and let e > 0. Suppose that Q C C(X) satisfies the 
following: if dist(x, x') < S, then 

\f{x)~ f{x')\<e/m 2 

for all f G G. Denote by T = {(a itj ) G C{X) ® M m : a itj G g}. Let cf> : C(X) ® M m -> 
C{X) ® M m{k+ i) be defined by 

l 

</>(/) = dia g (7X^7, m), m), /&)) 

for all f G C{X) (g> M m . Then if dist(x, x') < S, 

U(f)(x)-<t>(f)(x')\\<e 
for all f G J 7 , where the norm is operator norm on M m ( fc+; ) . 

Definition 4.9. Let X be a compact connected metric space with infinitely many points. Let dx ■ 

K (C{X)) -> Z be the dimension map. Write K (C{X)) = Z © G 00 and A'i(C(X)) = G x , where 
Goo = kerdx- Fix two sequences {a n } and {&„} and a sequence {fc n } of positive integers (with k n — » 
00 as rt — > 00). We assume that fci = 1 and fc n +i = b n k ni where b n a sequence of positive numbers 
such that b n > 2. Let H Q0 = Iim n _ >00 (G ! oo, «„°°+i), where k„°°+i : G o — > G o is defined by 
K i n+iG?) = a »5 f° r au .9 ^ Goo ■ Let £> be the dimension group defined by D = lim„_ >00 (Z, /t„ 
where K^ n+1 (g) = b n g for all g G Z. Define H = D ® H QQ = lim„ :OC (Z © Goo, «4°n+i)> where 

K i° } n+i = K n}i+i® K n°J+i- Define iJi = lim n _ >tX) (Gi, «4°„ +1 ), where k^„ +1 (5) = a«9 for all g € G x . 
By passing to a subsequence, without changing iJoo, D or H } one may assume that 6„ = a„ + 
and 

lim ^ = 0. 

There is a unital simple AH-algebra A = A(X, {o„}, {b n }) such that 

(A'o(A), if (A) , [U], K X {A)) = (D®H 00 ,(D®H 00 )+,1,H 1 ), 

where 

(£> © #00)+ = {(d, x) : d > 0, d £ D, x E Hqq} U {(0, 0)}. 

(see, for example, [10]). In this case, D is identified with a countable dense subgroup of R. Note 
that A has a unique tracial state t such that (-K"o ( -A) ) = D. By the classification theorem f|21jh 
there is only one such separable simple amenable G*-algcbra with tracial rank zero satisfying the 
UCT. 
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Suppose that 70 : K {C(X)) — > K (C(X)) is an order isomorphism and 71 : K\{C(X)) — > 
K"i(G(JQ) is an isomorphism. Then 70 induces an order isomorphism /(70) : D © H o —> D® H o 
such that 7(7o)((d, 0)) = (d, 0) and if fti°L : Goo — > #00 is the homomorphism induced by 
the inductive system, /(70) ° Kn^ao(ff) = ^00(70(5)) for all g in the n-th Z © Goo- Similarly 
7(71) o K„;<x>(g) = k„,oo ° 71(g) for all g in the n-th G x . 

Theorem 4.10. Let X be a connected compact metric space with Kq(C(X)) = Z © Goo and 
Ki(C(X)) = G\. Fix {a n } and {b n } two sequences of positive numbers. Let A = A(X, {a„}, {b n }). 
Suppose that X has a minimal homeomorphism ij) such that (X, ip) has mean dimension zero. Then 
there exists an automorphism a : A — > A with the tracial cyclic Rokhlin property such that 

<**i = H^l) on Ki(A), 

i = 0, 1. 

Proof. Let k(l) = 1, k(n + 1) = b n k(n), n = 1,2,...,. Put l n = b n — a n . We may assume, as 
mentioned in Definition 14. 91 that that linin^oo ^ = 0. 

Choose E n = Fix a dense subset fa, /„, ...}. Let {<5„} be as in Lemma |4~B1 associated 
with {k(n)}, f-2, fn-, ■■■} an d {£«}• Let F n = {x(l, n), x(2, n), x(l(n), n)} be a finite subset 
(with Z(n) elements) of X such that F n is 1/2™ -dense in X and there is a permutation s n : 
(1, 2, l(n)) -> (1, 2, Z(n)) such that 

dist(a;(i,n),^(a; Sn ( :! .( J> )))) < min{<5„,e„}j = 1, 2, l(n). 

Such i 7 ^ is given by Lemma 14.41 

Define (j) n : C(X) © M k{n) -> C(X) ® M k[n+1) by 

Mf) =diag(fJ^J(x(l,n)),f(x(2,n)),...,f(x(l(n),n))) (e4.lt) 

for / G C(X) © M fe( „). Then A ~ lim„^ 00 (G(X) ® M k{n) , </> n ). 

Note that ^4 has a unique tracial state (see Definition 14. 9fl . Denote it by r. 

Define ^ : C{X) -> G(X) by V*(/)0) = /M*)) for * G Put A n = G(X) ©M fe(n) for each 
n G N and define a n = ip §5 idfc n : — + A n . Then a„ G Ax&(A n ) for each n G N. We set 

Fn = G Affc(n) : a *,j S {/1,/2,-,/n} UC}. 

From Lemma 14.61 we may assume that there is a permutation matrix C/^+i G Mu n ) such that 

||^n <*„(/) - ad(C/„ + i) o (/)||<e n (e4.18) 

for each n > 1 and / G ^UU""^^), where U n+1 = diag(l arefc(n) , l k ( n )®U' n+1 ) G M k{n+l) . Thus 
we obtain a permutation matrix G Mu n+ i\ such that the following approximately intertwining: 

A\ > A2 > A3 ► 



2OCK2 J 



adV^oc^l ad V3 00:3! 

<t>3 



Ai A 2 4 



3 



where V n is a sequence of permutation matrixes in such that 



17 



\\</> n o ad(V n ) o a n (f) - &d(V n+1 ) o a n+1 o 0„(/)|| < £„, (e4.19) 

for/G^„UU;Ci^(^)- 

Then there is a *-homomorphism a: A — > A such that 

a(</>z, oo(z)) = I™ 0i,oo ad(Vi) o a, o <j>i t i(x), (e4.20) 

i — >oo 

x G A; and Z = 1,2,..., where <f>n = 4>i-i ° 4>i-2 • • • ° <j>i- Moreover a is an automorphism. 
It is also easy to check that 

a n =I(^)„, 1 = 0,1- (e4.21) 

We also note that, by (f c 4 . 1 91) . 

a(0m,oo(/)) ~i/2'"-i 0™, oo ° ad V m o a m (f) for / G .F m . (e4.22) 

Denote by j n : C(X) — > C(X) <g) M fc („) the embdedding defined by j n (f) = / <8> 1. 
Claim: for each m > 1 and r o mjOO o j m (f) — t ° m ,oo ° jm(/ ° VO for all / G C(X). 
Fix m > 1. If n > m + 1, there is a projection q n G M^ n ) such that 

<f>m,n °jm{f)q n = q n 4>m,n °jm(f), tr(q n ) = 

and, one may write that 

<?W ° jm(/)(l - 9n) = diag(/(a;(l, n)), /(x(2, n), f(x(l(n),n))) 

for all / 6 C(X). Therefore 

ro ,„ o j m (/ o V>)(1 - ?„) = diag(/(^(x(l, »))), /(^(x(2, n))), .... f(^(x(l(n),n)))) 

for all / £ C{X). Denote by q n = 4> no oi.1n)- For any e > 0, and any / £ C(X), by the virtue of 
Lemma 14.61 if n is sufficiently large, there is a permutation matrix W n G such that 

II l^m, n ° jra (/)(1 - ?n)]W n - (/oV)(l-?n)|| <e. 

Put W„ = 4>n,oo{W n ). The above implies that 

\\W*<j) m ,oo ° 

(fo^)(l-q n )\\ <£ . 

Thus we conclude that 

\r{(j) m ,oo °jm(/)) — r((f> m ,oo ° jm(f ° i>))\ < ~T~ + £ 

On 

for all sufficiently large n. Since limn—,00 ^ = 0. This implies that 

m,oc ° Jra 

for all / G C*(X). This proves the claim. 
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So 

TO(j) mj00 o j m (f) = / fd/j, (e4.23) 
Jx 

for all / G C(X) and for some ^-invariant Borel probability measure /x. 

Now we verify that a has tracial Rokhlin property. For this end, we fix an integer N > 1, e > 
and a finite subset T C A. For convenience, without loss of generality, we may assume that there 
exists T' C C(X) <g> Mu m > such that 

We may further assume that T' is in the unit ball of C(X) <g> My m ) f° r some integer m > 1. We 
may also assume that 

T' C {(atj) : Oij e G,l < i,j < k H ], 

where 5 C C(X) is a finite subset in the unit ball. Without loss of generality we may further 
assume that 

Q C {fl, f2, ■■; fm}- 

Choose r\ > such that, if x,x' £ X and dist(x, x') < r), 
for all / G £. 

It follows from Lemma [4.71 that there are mutually disjoint open subsets G\, G2, Gl C X 
such that 

(i) diam(Gi) < 77, 

(ii) V J (uf =1 G) n ^(uf =1 G,)) = 0, if 3 + I and j, I = 0, 1, .... N - 1, 

(iii) fj,(d(Gi)) = for all \i € and 

(iv) /i(ujLo > 1 ~ e / 16 for a11 A* e T V>- 

There is, for each i, another open subset S, such that the closure of Si is in Gj, and 

H{Si) > n(Gi) - e/ALN and ^{d{Si)) = (e4.25) 

for all fj, G Tip. 

Let ^ G C(X) such that < ^(a;) < 1, g'^x) = if x G" G i; < ^(x) if x G G, and #<(x) = 1 
if x G Si, i = 1,2, ...,L. Define a- G G(X) such that < a-(x) < 1, a-(x) > for all x G S, and 
<(x) =0 if x £ Si, i = 1,2,..., L. 

Fix ?7o > 0. Choose mi > m such that 1/2™ 1 < min{e, ?7o}/167V 4 . We also assume that 

dist(oi > {/ 1) / a ,...,/ mi })<e/4iV and dist(^, {f u f 2 , f mi }) < e/4-ZV (e4.26) 
i=l,2,...,L. 

We view <7^ and a[ as elements in EnM k ^ mi ^En, where {Eij} is a system of matrix unit for 
M fc(mi ). Denote by a" = 4> mi ^ ni+1 {a' t ) a t = <p mi .oo{a' t ), g" = <j) mi . mi+ i{g[) and <ji = ^^(jj), 
i = l,2,...,L. 

Consider the hereditary G*-subalgebra aiAai. Then, by the claim and by (|e 4.23(1 . there is a 
measure \x G T,/, such that 



/i(Sj) = fc(mi) sup{r(6) : < 6 < 1, 6 G aiAai}, i = l,2,...,L. (e4.27) 
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Since A has real rank zero, one obtains a projection pi € aiAcn such that 

T(pi)> j^^-e/2LNk{ mi ), i = l,2,...,L (e4.28) 

Put E itj = ^ mu oo{E itj ). Note Pi < E hl . With 1 A = Eii? #m. writc 

fc(mi ) 



ei = diag(^pi,^pi, . . . 



z— 1 i— 1 i— 1 

By the choice of rj (see also ()e4.24fl and Lemma f4. 81 — see also 3.2 of ^7]), it follows that 

||ei0 m ,oo(/) - ^m,oo(/)ei|| < e/AN 2 (e4.29) 
for all f £ J 7 '. By the definition of J 7 ', we have 

||a 3 '(ei)/-/o J '(ei)|| < e/4TV 2 (e4.30) 

for < j < TV and all / E T. 

k(mi) 



Put hj = ^^(diagC^^o^-S^^o^'-S-.^^o^'- 1 )), j = 1,2, ...,7V. Note that 

1 ?— 1 i— 1 

fej-Zii = fti/ij = if i^j, i,j = 1,2, ...,7V. (e4.31) 

We compute that 

ady mi a mi (/ii) = h 2 . (e4.32) 

Note that ei<hi. It follows from (|c4.32|l and (|c4.22|l that 

\\a j {h r ) - hj+x\\ < iV(l/2 mi - 1 ) < 2TV(l/2 mi ) < min{e, t? }/8TV 3 , (e4.33) 

j = 1, 2, TV - 1. Therefore, by l)e4.3l|) . 

lla^eOa^eOH <min{e,77o}/47V 3 , i ^ j, i,i = 0, 1, ...,7V. (e4.34) 

By choosing a small r/o (which depends only on e and TV), it follows from |19l Lemma 2.5.6] that 
there are mutually orthogonal projections ei, e%, ejv such that 

\\a j ( ei )-e j+1 \\ <e/N, j = 0, 1, TV — 1. (e4.35) 

It follows that 

\\a{ei) -e i+1 \\ < e, i = 1, 2, TV - 1 (e4.36) 
By Ijc 4.30|l and (je 4.35j) . we also have 

||ei/-/e<||<e, i = 1,2, TV (e4.37) 
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for all f eT. 
By I[e4.28[) . 



L L 

r( ei ) = fc(mi)rQ>) > 5>(&) ~ ^) 

i=l i=l 
1=1 i=l 

- Muf =1 G 4 ) - |L. 



By 



r(a 3 '(e 1 ))=r(e 1 ), j = 1,2, ...,7V- 1. (e4.38) 
Finally, by (iv) and I|e4.25[) . we compute that 

r(^e i ) = iVT(e 1 )>iVM(ui 1 G i )-| 

= M(uf =0 V(ui 1 G i ))-f 

>1 "i6-T >1 - £ - 

Hence a has the tracial Rokhlin property. By ([e4.21[l . a*o|r> = idz> Since pa{D) = pa(Kq(A)), 
it follows from [221 Theorem 3.16] that a has the tracial cyclic Rokhlin property. □ 

Remark 4.11. In the proof of Theorem l4.1UI one could work on more general inductive limits. For 
example, instead of considering a single summand M k ^{C{X)), one can consider unital simple 

C*-algebras which are inductive limits of C*-algebras with form ©'^Ti Af r ( i n )(C(X)) with each 
partial maps having the same form as I[e4.17[l . By doing that, more general dimensional groups D 
and more complicated Kq(A) can be obtained. However, we choose this much simple construction 
to shed some light on the relation of the non-commutative dynamical systems and commutative 
dynamical systems which could be buried by some more complicated combinatory argument. 

It should also be pointed out that the resulted crossed product C*-algebra A x a Z obtained 
from Theorem l4 . 1 Ul has tracial rank zero, by Theorem l2.4l and Ax Q Z is a unital simple AH- algebra. 



Remark 4.12. In the case that X = S 1 , let 6 G R\Q. Consider the rotation 4>: X -> X by 
4>{z) = (exp27ri#)z. Then <j) is minimal and uniquely ergodic. Theorem 14 . 1 01 gives automorphisms 
a on unital simple AT-algebras with tracial cyclic Rokhlin property. A modification of the proof 
of Theorem 14.101 will give an automorphism with the tracial Rokhlin property on every unital 
simple AT-algebra with real rank zero. But all of them are approximately inner. However, one can 
use these approximately inner automorphisms with Rokhlin property in the proof of Theorem 13. 51 
instead of applying a deeper result of N. C. Phillips ([H]). ^ should be noted that, in this case 
the crossed product algebras 4x n Z are again a unital simple AT algebra of real rank zero by [251 
Corollary 3.6] (and EU). 

Not all connected finite CW complex X have minimal homcomorphisms. One of the interesting 
examples is Furstenberg transformation on T k . 
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Example 4.13. Let 8 G R\Q, d G Z\{0}, and let g 3 ■: T J — > T be a continuous map, j = 
1, 2, k — 1. The Furstenberg transformation is denned by 

<j>(zi,z 2 , --,z k ) = (zie 2me ,gx{zi)z2, • g k -i((zi, z 2 , Zk-i))zk) 

\zj\ = 1, j = l,2,...,fc. Furstenberg showed that 4> is minimal, if all gj are non-trivial, namely, 
gj(zi, . .. ,Zj) = z^ 3 e 2rri f j < - Zl ' for some continuous function /j : T — > R with rf^ 7^ 0, j = 1, 2, k — 
1. Thus ^ id/fi(c(T fc ))- Therefore the automorphism a constructed from ip on Ajk is not 
approximately inner since a*i ^ idj^j^ (A Tfc ) ■ (See for example |13|.1 
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